Present limits on the top mass from LEP1 and Tevatron point to a top quark that is considerably heavier than the W vector boson in the standard model. Hence, e + e − colliders with √ s ≃ 300 GeV (the c.m. energy foreseen at the first phase of the Next Linear e + e − Collider) could be well below the energy threshold for real top-pair production. We argue that, if this is the case, single top production through the process e + e − → tbW − (tbW + ), where tb(tb) are produced mainly by means of a virtual W , becomes the dominant top production mechanism. Total cross sections and kinematical distributions are evaluated and numerical results are given in ranges of m t and √ s where single top production can be of relevance. The relative importance of virtual-W and virtual-t contributions to the process is discussed.
Introduction
The Next e + e − Linear Collider (NLC) will be an excellent place where to study precision top quark physics. The c.m. collision energy range at this machine is foreseen to be between 300 GeV (most probably in the first phase of operation) and 500 GeV, with a luminosity of the order of 10 33 cm −2 s −1 [1, 2] . Top production at NLC will be very interesting both at the threshold region, where one expects some enhancement in the cross section due to the toponium resonance remnants, and in the continuum region [3] . At threshold, one can measure m t with an accuracy better than 500 MeV. The shape of the excitation curve can be precisely predicted in perturbative QCD. Also, it will be quite sensitive to the perturbative strong coupling constant, the top width and Higgs boson mass and Yukawa coupling to the top quark. On the other hand, in the continuum top production well above thett threshold, one will be able to test the t → bW + coupling through the study of angular correlations in thett decay products, as well as the existence of anomalies in the top couplings and possible non-standard top decay modes.
Although as yet unobserved, the existence of the top quark is strongly required by the theoretical consistency of the standard model. Direct search of top quark at Tevatron has yielded a lower limit m t > 113 GeV at 95% C.L., for a top with standardmodel decays [4] . The upgraded phase of the machine should either discover the top or exclude the mass range up to 160-180 GeV.
On the other hand, precision electroweak measurements from LEP1, M W determination at hadron colliders and neutrino scattering constrain the top mass through radiative corrections in the range m t = 162 In fig.1 , we show the Feynman diagrams corresponding to e + e − → tbW − (charge conjugated graphs correspond to the reaction e + e − →tbW + ). Aside the tt * channel that is responsible for top pair production above threshold, in single top production also bb * and W W * channels, where a virtual b quark and W respectively are exchanged, contribute to the cross section. In particular, the W W * turns out to be the dominant contribution in almost the whole interesting √ s range, that is
) and therefore quite smaller than those relative to top pair production (reported in Table 1 ) which are of the order of 1 pb at NLC (cf. ref. [6] ).
In the present work we make a detailed study of single top production in e + e − collisions below thett threshold, namely when √ s < 2m t . We mainly refer to the practical case of NLC with √ s ≃ 300 GeV and an integrated luminosity of 10 fb −1 , but also other possibilities for the e + e − collision energy are considered. As far as the top mass is concerned, we focus on the range 150 ∼ < m t ∼ < 200 GeV, with m t > √ s/2.
We will neglect throughout our study toponium resonance effects near thett threshold.
As anticipated, cross sections are found to be rather moderate (of the order of a few fb's) and marginal for the study of top properties at the foreseen NLC luminosity. Nevertheless, single top production could be a relevant background for rare processes and possible new physics signal at future e + e − colliders. In fact, as a result of the fast top decay, one observes a
b final state, that is a possible background for any process involving multi-vector boson production. For instance, standardmodel processes like e + e − → W W Z [7] and e + e − → W W H [8] involve the same final state. Also, analogous signals could correspond to new physics effects, e.g. chargino production in supersymmetric models [9] .
Single top production in e + e − collisions through the process e + e − → tbe −ν e was considered in ref. [10] for m t = (30-60) GeV at PETRA and TRISTAN energies. With this kinematical configuration, a real W in the final state (as in e + e − → tbW − ) is not allowed and single top production occurs mainly through the higher-order reaction γe + → tbν e , where an almost-real photon is radiated by the initial e − beam. Therefore, the corresponding production rates are quite small (and undetectable). For instance, at √ s = 50 and 65 GeV total cross sections of 1.1 × 10 −5 fb and 2.9 × 10 −3 fb, respectively, are found for m t = 40 GeV.
After completion of our work, we learnt of two recent studies concerning single top production at LEP200 [11, 12] . In ref. [11] , analytical expressions for cross sections of the reaction e + e − → tbe −ν e are given for the photon initiated process, as well as for the W W * and tt * contributions (where W → eν). Unfortunately, below thē tt threshold, event rates are found to be too small for m t larger than the present Tevatron limit, even for c.m. energies of 220-250 GeV (that are, however, well above the foreseen √ s at LEP200). In this work, as in ref. [10] , the authors concentrate on eν final states, that replace the real W in the reaction e + e − → tbW − . This is because with the LEP200 c.m. energy, for most of the interesting m t range, one can not afford to produce a top quark plus a real W . Hence, the higher-order γe + → tbν e process becomes the dominant channel. Instead, in the case of e + e − → tbW − at higher c.m. energies, that we consider here, the final eν state can be replaced by other leptonic and hadronic decays of the W , that are equally interesting and increase the production rate. As far as tt * and W W * channels are concerned, we compared the output of our programs with the results of ref. [11] and found complete agreement at LEP200 energies.
In ref. [12] , a similar study for single top production at LEP200 has been carried out with drastically different results with respect to ref. [11] . We think that such disagreement is due to a mis-treatment of the photon collinear singularity in the process e + e − → tbe −ν e that largely overestimates the contribution from diagrams with a photon exchange in the t-channel.
We stress that the NLC regime, that we are considering here, will provide for the first time the environment to study single top production at the leading order and with observable rates. Furthermore, contrary to the previous studies, we include the bb * contribution and study in detail kinematical distributions.
After a short description of our computation method, in section 2, we will discuss the behaviour of total cross sections for the reaction e + e − → tbW − (tbW + ) versus √ s and m t , stressing the relative importance of various contributions to the matrix element squared. In section 3, we will study the distribution in the W b invariant mass and the angular distribution of the top with respect to the beam. Once more, contributions from different diagrams will be emphasized. In section 4, we will give our conclusions.
Total cross sections
In fig.1 , the seven Feynman diagrams contributing to the process e + e − → tbW − at tree level are shown. As a result, one has 28 terms, including interferences, in the expression for the matrix element squared.
Aside the graphs a 1,2 , that correspond to the relevant diagrams for production of a pair of real top quarks, here we have b-and W -exchange diagrams, where the top quark comes from the decay of a virtual b quark and W vector boson respectively. In the latter case, aside the γ and Z contributions, we have a further graph coming from W -pair production through neutrino exchange in the t-channel. Note that the virtual W and, to a greater extent, b momenta in b i -and c i -type diagrams are always far from their mass shell, since an heavy top has to be produced. As for the a i -type graphs, if the c.m. energy is above thett threshold, they reproduce realtt production with subsequentt →bW − decay on thet mass shell. Hence, the corresponding contribution turns out to be quite enhanced. On the other hand, when √ s is well below thett threshold, the contributions from virtual-W (and -b) exchange could be, in a first qualitative approach, not negligible with respect to the t exchange. Indeed, we will show that W exchange is dominant for most of the √ s range of interest for Numerical results for total cross sections and distributions for the process e + e − → tbW − have been obtained in the following way. We used the program CompHEP 2.3-5 [13] in order to get the matrix element squared for e + e − → tbW − at the Born level, in a symbolic form and in a FORTRAN compatible form as well. Then we developed some software (based on VEGAS [14] ), performing a numerical Monte Carlo phase space (p.s.) integration over the three-massive-particle final state with three different masses. We chose the VEGAS input parameters in such a way as to obtain a three-digit accuracy on the p.s. integration, that is 3-dimensional for distributions and 4-dimensional for total cross sections. Firstly, we performed the p.s. integration on the solid angles of the W b system in its c.m. frame. The relevant formula for the invariant distributions for top variables is then
where
M W b is the invariant mass of the W b system, which is linked to the top energy, E t , in the e + e − c.m. system by 
At this point, total cross sections are obtained by performing the remaining two integrations over M W b and cos θ t . We checked the stability of the numerical integration by choosing different sets of independent kinematical variables. We found that the above choice is a very good one in order to optimize the estimated relative error on total cross section. Furthermore, we found that the choice of the integration variable M W b has a crucial role in reproducing cross sections above thett pair threshold, starting from single top production formulae. Indeed, above thett threshold the bulk of the cross section comes from the pole corresponding to M W b ≃ m t in the t propagator in diagrams a 1,2 .
In our computation, we used the following set of parameter values
GeV, m b = 5.00 GeV, α EM = 1/128 , sin 2 θ W = 0.232 , V tb = 0.999 .
The precise value of the top width Γ t , which enters the amplitudes relative to the graphs a rather sensitive to the value of Γ t . In order to recover through our computation also the Born cross sections for realtt production at √ s ∼ > 2m t , we have approximated the top total width with the tree level width for t → W b 1 [16] :
In this way, starting from our formulae for e + e − → tbW − , to a very good approximation, we obtain for 6) where σ(tt) is the tree level cross section for e + e − →tt reported in Table 1 .
Values of Γ t obtained through eq.(2.5) are shown versus m t in Table 2 .
In our computation, we will not take into account resonance effects neartt threshold and, as a consequence, our results can be trusted only when 2m t − √ s ≫ Γ t below threshold. In practice, our results should be rather accurate at tree level in the region √ s ∼ < 2m t − 3Γ t and √ s ∼ > 2m t .
Total cross sections for e + e − → tbW − are presented in Table 3 and in figs.2-4. In Table 3 we report the numerical results of our programs (in fb), summing up over both e + e − → tbW − andtbW + contributions. We restrict ourselves to the range 150 ≤ m t ≤ 200 GeV and 240 ≤ √ s ≤ 400 GeV, thus including in our study the possibility of intermediate e + e − collision energies between LEP200 and NLC at √ s = 300 GeV.
In Table 3 , results are shown only for
where single top production is the dominant top production mechanism. Here, cross
irrespective of m t (for m t ∼ > 120 GeV) and that the inclusion of QCD, electroweak radiative corrections and finite W -width effects decreases Γ t by about 8-9% [15] . sections turn out to be about two orders of magnitude smaller than those for top-pair production above threshold (cf. Table 1 ). In particular, by varying m t from 150 GeV up to 200 GeV, one gets cross sections from 4 to 9 fb for √ s = 2m t − 20 GeV and from 0.9 to 4 fb for √ s = 2m t − 40 GeV. For 180 GeV < m t < 200 GeV, we still have cross sections of the order of 1 fb or more for √ s = 2m t − 60 GeV. Assuming an integrated luminosity of 10 fb −1 , this corresponds to the production of 10-100 single top events. Hence, even after inclusion of experimental cuts and efficiencies, one should get observable single top event rates.
In fig.2 , the behaviour of various contributions to the cross section versus √ s, in the region below thett threshold, is shown for m t = 160 GeV ( fig.2a ) and m t = 200 GeV ( fig.2b) . Squares represent the contribution to the total cross section coming from diagrams a 1,2 in fig.1 , in which a virtual top is exchanged, while the circles stand for the virtual-W contribution, namely the one coming from diagrams c 1,2,3 . Thunders account for virtual-top and virtual-W diagrams (including interferences between the two). Finally, the solid line refers to the complete computation that takes into account all diagrams in fig.1 . Fig.2 shows very clearly that the contribution of virtual-W diagrams is very important. Indeed, it is larger than the one from virtual-top diagrams for √ s ∼ < 2m t − Squares and circles represent respectively contributions from diagrams with virtualtop and virtual W -exchange. Thunders account for both the previous two (plus interferences). The solid line shows total cross section including all contributions in fig.1 . (7 ÷ 10)Γ t . The latter can be even neglected for still lower √ s, where it is about an order of magnitude lower than the virtual-W contribution. On the other hand, the contribution coming from diagrams b 1,2 with virtual-b exchange is very small everywhere. For this reason, in our plots the thunders are well superimposed to the solid line. This is due to the b-quark propagator suppression of the amplitudes relative to diagrams b 1,2 , since the b * has to decay in a heavy tW final state. Concerning interferences between virtual-top and virtual-W diagrams, they are destructive and in general small. This is no more true in the √ s region below thett threshold by few Γ t 's, where virtual-top and virtual-W contributions becomes both sizable and comparable.
In fig.3 , the various contributions to total cross section are analyzed as functions of m t , for fixed √ s = 300 GeV, that could be of interest for the first phase of NLC operation. One can see that, when m t ∼ > 165 GeV, considering only the virtual-W contribution is a very good approximation for the total cross section. In particular, for 165 ∼ < m t ∼ < 190 GeV the usual tt * contribution would underestimate the production rates by a factor from 3 to 10. After thett threshold region, where the virtual-top Of course, event rates decrease when m t grows. At √ s = 300 GeV, with an integrated luminosity of 10 fb −1 and summing over t andt events, one can hope to detect through single top production a top quark with m t up to about 185 GeV.
In fig.4 , we plot the e + e − → tbW − cross section versus √ s above thett threshold and up to √ s = 2 TeV, for m t = 180 GeV. Of course, σ(tt) is recovered in this case, since we assumed BR(t → W b) ≃ 1. Note that, although in general negligible in this case, the relative importance of single top production through virtual-W increases at high energies. Indeed, as the contribution of a 1,2 diagrams in fig.1 quickly decreases after crossing thett threshold peak, the contribution of c 1,2,3 diagrams keeps growing up to √ s ≃ 1 TeV and then starts to decrease rather slowly. This is due mainly to the presence of trilinear boson vertex in the diagram c 3 . As a result, e.g. we have that at √ s = 2 TeV the cross section for single top production through a virtual W only would be about one third of the continuumtt cross section. In reality, in this energy region there is a large interference effect between W W * and tt * diagrams that restores almost completely the usualtt cross section coming from the production of two real top quarks (cf. fig.4 ).
Kinematical distributions
In this section, we study kinematical distributions that characterize the final state in single top production. Particular emphasis is given to the comparison with analogous distributions above thett threshold. In fig.5 
Well under thett threshold, the M W b distribution is rather broad and has a maximum at values much lower than m t . This is due to the dominance in this region of virtual-W contributions, for which the invariant mass of the W b pair is not correlated to m t or to any other resonance. Then, as the c.m. energy approaches thett threshold, one has the progressive appearance of thet-resonance peak at M W b ≃ m t , with increasingly small tails at lower M W b . This, of course, is due to the t * propagator in the virtual-top diagrams, that dominate onto other contributions near and above thē tt threshold, where most of the cross section comes from the production of a real top and consequent decay in W b.
The comparison of different contributions to the M W b distribution is more clearly shown in fig.6 , for m t = 150 GeV. In fig.6a , one can see that below thett threshold the M W b distribution is dominated by the flatter virtual-W contribution. Note that even above thett threshold (cf. fig.6b , where √ s = 500 GeV), when the bulk of cross section is concentrated at M W b ≃ m t , single top production through the virtual-W contribution gives a predominant contribution to the e + e − → tbW − cross section in the large W b invariant mass region. Indeed, the virtual-W tail gets about an order of magnitude larger than the tt * one for M W b ≃ 2m t in fig.6b . Anyway, the corresponding rates will be hardly observable with the foreseen NLC luminosity.
An analogous transition from the "W W * dominance" to the "tt * dominance" can be observed in the angular distribution for the top quark in e + e − → tbW − with respect to the e − beam direction. In fig.7 , we set m t = 180 GeV and √ s = 280, 310, 350, 370
GeV (figs.7a,b,c,d respectively). By varying √ s, one can see that two different behaviours compete. At low √ s, a collinear t to the e + beam is favoured and prevails in the region well below thett threshold ( fig.7a,b) . On the other hand, as √ s approaches 2m t , dσ/dcos θ t is enhanced in the positive cos θ t region, and top quarks that are collinear to the e − are dominant. Fig.8 shows that the virtual-W contribution is responsible for the first effect while virtual-t diagrams produce rather forward-peaked top quarks along the e − beam. In In fig.8 , the case m t = 150 GeV is considered in the region just below the threshold ( √ s = 290 GeV, fig.8a ), where the W W * and tt * contributions are comparable, and at very high c.m. energy ( √ s = 1 TeV, fig.8b ). In the latter case, it is possible to distinguish a small peak at cos θ t = −1 due to the relative enhancement at high √ s of the virtual-W contribution (cf. fig.4 ).
Summary and conclusions
In this paper, we have studied single top production in e + e − collisions through the processes e + e − → tbW − ,tbW + , considering aside the tt * channel, that is relevant for top pair production, W W * and bb * channels, with W * → tb and b * → tW respectively. Since present limits on m t imply that the top is considerably heavier than the W vector boson, this process will be of relevance for top production at Next Linear e + e − Colliders operating at a c.m. energy below the e + e − →tt threshold. This, for instance, will be the case if the top is heavier than 150 GeV for a NLC with √ s ≃ 300 GeV or less. We found that, assuming an integrated luminosity of about 10 fb −1 , production rates are sufficient to detect a top signal below thett threshold for a large fraction of the kinematically allowed energy window m t + M W + m b < √ s < 2m t . In particular, considering e + e − collisions at 240 ∼ < √ s ∼ < 400 GeV, by varying m t from 150 GeV up to 200 GeV, we get cross sections from 4 to 9 fb for √ s = 2m t − 20 GeV and from 0.9 to 4 fb for √ s = 2m t − 40 GeV. For 180 < m t < 200 GeV, one still obtains cross sections of the order of 1 fb or more for √ s = 2m t − 60 GeV. The above rates include both the single t andt production.
Invariant W b mass distributions and top angular distributions have been studied and kinematical differences with respect to thett pair production above threshold have been stressed.
The relative importance of the tt * , W W * and bb * contributions has been extensively studied both for cross sections and kinematical distributions . We found that the virtual-W exchange is predominant in the total cross section for √ s ∼ < 2m t − 20
GeV. For instance, if m t = 200 GeV, W W * contribution is more than one order of magnitude larger than the tt * one for √ s ∼ < 320 GeV. Consequently, also the kinematical features of the final states are governed by the W W * channel well below thē tt threshold. We have a rather broad M W b distribution that reflects the non-resonant structure of the W b final state, as opposed to the tt * case. Furthermore, the top angular distribution recalls the W + one in the process e + e − → W + W − that is quite opposite to the t distribution coming from the tt * contribution.
We also found that, due basically to the different behaviour of the e + e − →tt and e + e − → W + W − cross sections versus √ s, single top production mediated by a virtual W can be non-negligible far above thett threshold (cf. fig.4 ), although tt * and W W * interference effects tend to cancel the eventual increase in the total top production rate. However, for √ s ≃ 1-2 TeV and sufficiently large luminosity, some W W * effect could be detectable by studying distributions in particular ranges of kinematical variables (cf. fig.8b ).
Regarding the bb * contribution to the e + e − → tbW − cross section, this is found to be always negligible.
As far as detection of a e + e − → tbW − signal is concerned, as a result of the fast top decay, one observes a W + W −b b final state. Hence, the study of single top production rates below thett threshold are interesting not only by itself. A detailed knowledge of this process also leads to a better determination of the possible background for any process of moderate cross section involving multi-vector boson final states.
